The proximity of the MOND acceleration constant with cosmological accelerations-for example, a0 ≈ cH0/2π-points to its possibly decreasing with cosmic time. I begin to consider the secular changes induced in galactic systems by such presumed variations, assumed adiabatic. It is important to understand these effects, in isolation from other evolutionary influences, in order to identify or constrain a0 variations by detection of induced effects, or lack thereof. I find that as long as the system is fully in the deep-MOND regime-as applies to many galactic systems-the adiabatic response of the system obeys simple scaling laws. For example, in a system that would be stationary for fixed a0, the system expands homologously as a , pushing the system towards the Newtonian regime. All this follows from the appearance of a0 in MOND and the scale invariance of the deep-MOND limit-two basic tenets of MOND. More complicated evolution ensues when parts of the system become Newtonian, or are so from inception. For example, these parts may become unstable since they are not protected by MOND's stabilizing effects. The existence of such regions also modifies the MONDian regime, since they affect the potential everywhere, and since constituents might migrate between the Newtonian and MONDian regimes. Studying these last effects would require detailed numerical calculations.
, while internal velocities decrease uniformly as a 1/4 0 . If a0 ∝ cH at all relevant times, this change amounts to a factor of ∼ 2.5 since redshift 10. For rotating systems, the angular frequency Ω ∝ a , pushing the system towards the Newtonian regime. All this follows from the appearance of a0 in MOND and the scale invariance of the deep-MOND limit-two basic tenets of MOND. More complicated evolution ensues when parts of the system become Newtonian, or are so from inception. For example, these parts may become unstable since they are not protected by MOND's stabilizing effects. The existence of such regions also modifies the MONDian regime, since they affect the potential everywhere, and since constituents might migrate between the Newtonian and MONDian regimes. Studying these last effects would require detailed numerical calculations.
PACS numbers:
I. INTRODUCTION MOND [1] [2] [3] [4] is a paradigm that contends to supersede Newtonian dynamics (ND) and general relativity, departing from them greatly for very small accelerations: at or below the MOND acceleration constant a 0 . The basic tenets of MOND are: approach to standard dynamics for accelerations much above a 0 , and space-time scale invariance in the opposite limit: the deep-MOND limit (DML) [5] . MOND's underlying motivation has been to account for the mass discrepancies in the Universe without "dark" components. a 0 , beside its role as an approximate validity boundary of standard dynamics, also appears saliently in many "MOND laws" that are predicted to govern galactic dynamics [3] . Examples of such MOND laws are that the asymptotic circular velocity, V ∞ , around any isolated, bounded system of total (baryonic) mass, M , is constant, and is given by
These predicted "MOND laws" are indeed well obeyed by galactic systems, from dwarf-spheroidal and dwarf-spiral galaxies through giant elliptical and spiral galaxies, to galaxy groups, as probed by either constituent motions or gravitational lensing. In galaxy clusters, MOND explains away most, but not all, of the observed mass discrepancy.
It is now quite evident that a 0 appears ubiquitously in observed galactic phenomenology (e.g., Refs. [2, 3, 6] ). Its value, determined consistently from these observations is a 0 ≈ 1.2 × 10 −8 cm s −2 . It has been noted from MOND's very advent [1, 7] that a 0 is near in value to some cosmologically significant accelerations; For example,
where a H ≡ cH is the acceleration associated with the cosmological expansion rate, H (the Hubble constant), and a H (0) is its present value, and Λ the observed equivalent of a cosmological constant. This numerical "coincidence", if fundamental, may have far reaching ramifications for MOND and for gravity in general (e.g., [4, 5] ). One of these potential ramifications is that a 0 varies with cosmic time [1, 5, 7] . If indeed H 0 enters galaxy dynamics through a 0 today, then H should have done so also in earlier times when it was larger. The specific dependence of a 0 on cosmic time cannot be determined from first principles without a better understanding of MOND's origin than we now have. In addition, the fact that today a Λ ≈ a H makes it difficult to even know which of these cosmic accelerations a 0 is linked to.
1 It might be linked only with a Λ , in which case it could be time independent. Otherwise, it might depend on both Λ and H, or more generally on the expansion history. For example, we could have a 0 ∼ a H at all relevant cosmic times, and, during the flat-space, matter-dominated era, mostly relevant to galaxy evolution, H ∝ t −1 ∝ (1 + z) 3/2 , with z the cosmological redshift. (This breaks down for z 0.5 when the cosmological constant is important.) For the sake of concreteness, I shall use examples with this time dependence, but the exact dependence of a 0 on time is not material to our discussion, as long as we can assume that its variation time scale is cosmological, i.e. of order H −1 . Using a 0 , it is useful to define a MOND length
(see, e.g., Ref. [8] ). Interestingly, the MOND length and density corresponding to today's value of a 0 are ℓ M (z = 0) ≈ 2400 Mpc, and ρ M (z = 0) ≈ 2.4 × 10 −30 gr cm −3 , very nearly today's Hubble distance, and the density of cosmological "dark matter" that standard dynamics require. The latter is also of the order of the "dark energy" density that observations require-an expression of one of the known "cosmological coincidences". If a 0 is found not to vary with cosmic time, it would be natural to associate it with a cosmological constant, and there are several suggestions on how they may, in fact, be physically connected. If, however, a 0 is found to vary with cosmic time, especially if indeed a 0 ∝ H, then the value of the MOND density is always of the order of the the density of cosmological "dark matter" during the relevant era. This fact might underlie (in a way not yet understood) the way MOND explains away the need for cosmological "dark matter" in a similar vein to its obviating the need for galactic dark matter.
Reference [9] studied how a 0 might vary in the relativistic MOND formulation TeVeS [10] , and Ref. [11] studied consequences of variable a 0 on the expansion history of the Universe in their nonlocal, relativistic formulation of MOND [12] .
a 0 variations may, in principle, be tested directly by measuring its value at various z from galaxy dynamics, employing the MOND laws that involve a 0 . For example, Refs. [13, 14] tried to do this looking at the z dependence of relation (1) . But it has to be said that the data were then, and are still now, not good enough, and the interpretation rife with such systematics, that this check is quite ineffective at present. Such tests require good knowledge of the baryonic mass of high-z galaxies, which requires understanding of their mass-to-light ratios and how they depend on z, and a good determination of the contribution of the gas, both atomic and molecular. They also require a good determination of the asymptotic rotational speed, which requires measurement of extended rotation curves of relatively unperturbed galaxies, and their inclinations. All these are not readily measurable at high z, at present.
There are also indirect approaches (alluded to in Ref. [7] )-less decisive, but requiring less information. They require understanding of the secular effects that a 0 variations have on the structural attributes of galaxies, such as their size or internal velocities, to see if we can identify or exclude trends with z that are predicted by variable a 0 .
Clearly, variation of a 0 , which enters galactic dynamics so decidedly, would induce major variations in the structure of galactic systems, over and beyond other influences, such as mergers, matter accretion and ejection, star formation, instabilities, etc. (reviewed, e.g., in Ref. [15] ).
2 There may be times in the life of a system, when one of these effects dominate, and in any event each may produce its own distinct behavior. We need to understand each of these effects separately before we put them together in modeling galaxy evolution.
Galaxy evolution is still a little-understood subject. For example, we do not understand well how elliptical galaxies and bulges of spiral galaxies form or what role is played by mergers and secular processes (see Ref. [15] for a review). In MOND, even with a constant a 0 , these processes may be rather different than in the ΛCDM picture. Such differences are discussed, for example, in Refs. [16] [17] [18] [19] , which considered the MOND evolution in disc galaxies, in Ref. [20] , which looked at bulge formation, and in Ref. [21] , which considered interesting aspects of the history of the Milky Way-Andromeda binary system in MOND, in contrast with what is expected in the ΛCDM paradigm. Variations of a 0 would even accentuate the differences.
Thus, one indirect way to pinpoint variation of a 0 with cosmic time is to study the redshift evolution of galactic structure and dynamics, to see if some of it can be attributed to such variation. For example, there are various studies of z evolution of galaxy sizes, e.g., the recent Ref. [22] (and other references therein), where galaxy sizes, D, is fitted with D ∝ (1 + z) n for the redshift range 4 ≤ z ≤ 8. They find for brighter galaxies n = −0.34 ± 0.29, and for dimmer ones n = −0.57 ± 0.76. This is consistent with no evolution, but also with the typical power of n = −3/8, which I find below for low-acceleration galaxies. Another indirect method to identify variation of a 0 is to try to identify in the structure of present-day (low-z) fundamental theory that must underlie present MOND, or in the applications to cosmology. This would be similar to the Earth's free-fall acceleration constant, g, which is so useful in describing near-Earth-surface phenomena, but loses its significance in the general context of gravity. In other words, a 0 may turn out to be only an effective constant in an effective theory that applies in galactic systems. 2 In MOND there are also possible influences of a variable external field, through the external-field effect. 3 The exact relevance of these observations to MOND has to be checked since at the radii considered, of 0.2 − 2 Kpc, we may still be in the Newtonian, not the low-acceleration, regime.
galaxies telltale traits resulting from past a 0 variations. For example, there are MOND arguments about why the mean acceleration of the baryons in isolated systems-such globular clusters, galaxies of all types, galaxy groups and clusters-does not much exceed a 0 [3, 23, 24] . But, in fact, a 0 seems to be not only an approximate upper bound on, but an accumulation value of, the mean acceleration in the baryon body (e.g., [6] ). Why is this? I find, for example, that due to the cosmological decrease of a 0 , the ratio of the mean acceleration to a 0 increases and might halt when it reaches ∼ 1. None of the above indirect tactics are easy to employ, given that there are competing effects that need to be disentangled, and that galaxy evolution is a little-understood subject, even without the added effects of a 0 variations. But clearly, we need to explore these latter effects in isolation to understand what part they may have in shaping galaxies.
Here I lay the theoretical grounds for such a study and consider these important effects in some detail, for the first time to my knowledge.
In Sec. II, I present the general considerations that underlie the effects of a 0 variation on galactic structure. Section III deals specifically with systems in the scale-invariant DML, where, it is found, the induced adiabatic evolution obeys some clear-cut scaling. Section IV discusses superficially further evolution under partial Newtonian sway.
II. SECULAR EFFECTS OF ADIABATIC a0 VARIATION
Consider a galactic system, such as a galaxy, that was well formed at redshift z of ∼ 1 − 10. During its life since then it may have been subject to various episodic influences. But on top of these it might have undergone secular structure changes due to a 0 variations, which I concentrate on here and consider in isolation. Such changes must occur in MOND if a 0 varies, because a 0 enters strongly various predicted MOND relations between masses, velocities, and sizes. We saw one such predicted relation in Eq. (1) . Another is the MOND prediction that transition from standard dynamics to MOND dynamics should always occur around accelerations ∼ a 0 . For example, in a disc galaxy the transition is predicted to occur around the radius where V 2 (r)/r = a 0 . In a well-concentrated system of mass M -a system that is well contained within its MOND radius r M ≡ (M G/a 0 ) 1/2 -transition effects will occur at r M .
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Yet another predicted MOND relation is a rather general "virial relation" between the mean-squared velocity and the masses, in DML systems of point masses [25] ,
where M = p m p , which applies in modified-gravity, MOND theories. It is clear from these relations that if a 0 varies, the asymptotic circular speed for any system, and the root-meansquare speed in DML systems must scale as a . This should hold whether the a 0 variations are adiabatic or not.
But rather more can be said if we know that the a 0 variations are adiabatic, namely that they occur on time scales much larger than the dynamical times in the galaxy.
For a system of characteristic size R and internal velocity V , the quantity θ a = V a 0 /Rȧ 0 may be taken as a measure of adiabaticity. For example, if a 0 ∝ H, and H varies as a power of cosmic time, we haveȧ 0 /a 0 ≈ H, so θ a = V /RH, which I shall, henceforth, use as the default. Today, galaxies have θ a ≫ 1. For example, for low-acceleration galaxies, such as a dwarf spheroidal with R = 0.5 Kpc and three-dimensional velocity dispersion of σ 3 = 8 km s −1 , θ a ≈ 230, or a low-surface-brightness disc galaxy with rotational speed of 50 km s −1 and R = 5 Kpc, θ a = 140. In a galaxy like the Milky Way, with an asymptotic rotational speed of ≈ 220 km s −1 , MOND effects become appreciable beyond a radius of R ∼ 15 Kpc, where θ a ∼ 210.
What was the situation in the cosmological past? We shall see that in low-acceleration systems, the dynamical times are predicted to scale as a −1/2 0 under adiabatic variations of a 0 . By the above default choice of a 0 variations,
was smaller in the past. But we see that with the high values of θ a today, even as far back as z of a few tens, θ a was already much larger than 1; thus, adiabaticity holds to a good approximation in the relevant period.
If we consider the period since z ∼ 10 as relevant to our discussion, we expect a 0 to have decreased by a factor of ∼ 35 since then. We shall see that for low-acceleration systems, this would have induced an increase in size ∝ a −1/4 0 , i.e., by a factor of ∼ 2.5, and the same decrease in internal velocities.
III. SYSTEMS IN THE DEEP-MOND REGIME
Systems whose dynamics are characterized by accelerations that are all much smaller than a 0 are described by the DML of the applicable MOND theory. It is a basic tenet of MOND (e.g., Refs. [3, 5] ) that this limit is space-time scale invariant; i.e., invariant to (t, r) → λ(t, r) for any constant λ > 0. This is required of the nonrelativistic version of a MOND theory, and more generally of the weak-field limit of its relativistic version.
One consequence of this scale invariance is that a 0 and G cannot appear separately in a DML theory, only the product A 0 = Ga 0 can appear [5] (besides masses and possibly c if we are dealing with gravitational lensing, for example).
6 Since cosmological variations of G are stringently constrained, I assume that A 0 ∝ a 0 . There are many systems that are today fully in the DML. Examples are dwarf spheroidal satellites of large galaxies such as the Milky Way and the Andromeda, many low-surface-brightness disc galaxies, and loose galaxy groups. I will show that when a 0 decreases with cosmic time, the accelerations in a DML system decrease, but not as fast as a 0 . Thus, such systems were even deeper in the DML in the past if our discussion here is valid. And, even some systems that are today partly in the high-acceleration regime might have been fully in the DML in their past. For such systems, the predictions are rather clear-cut.
We restrict ourselves then to the strict DML field equations of some MOND theory, for some fixed value, A * 0 , of A 0 , and consider a solution that describes an isolated, nonrelativistic, self-gravitating galactic system made of many point bodies of masses m i , whose trajectories are r * i (t * ), and possibly of a continuous fluid component with a density field
, and an equation of state of a monatomic ideal gas. The fluid is assumed an ideal gas as interactions may introduce additional constants (through the equation of state) that break the scaling laws we employ below. It is assumed effectively "monatomic" so as not to involve internal degrees of freedom in the considerations of adiabatic invariance.
To grasp the scaling involved, consider, as a path to our derivation, a change of the units of length and time under which the values of lengths change as ℓ → ζℓ and those of times t → (ζ/η)t. The value of A 0 changes from A * 0 in the old units to A 0 = η 4 A * 0 in the new ones. All equations are, of course, invariant under any change of units. Thus, the system with the same masses, but trajectories r i (t) = ζr * i (ηt/ζ) (and fluid attributes transforming according to their dimensions), is a DML solution of the theory with the constant A 0 = η 4 A * 0 , for any choice of ζ, η > 0. 7 Velocities become v i (t) = ηv * i (ηt/ζ). In the present context we ask whether all the adiabatic invariants of the original system take the same values in the new units. Inasmuch as these invariants have dimensions of actions (i.e., [ℓ] 2 [t] −1 ), we see that they do remain the same if ζ = η −1 . We conclude from this argument that a system described by
satisfies the DML equations with constant A 0 = η 4 A * 0 , and has the same values of all the action variables as the original system. Here, a i are the accelerations, 8 and φ the gravitational potential fields. (For concreteness, I consider "modified gravity" MOND theories, where the nonrelativistic gravitational potential is modified. "Modified-inertia" theories require a separate description.) For the fluid component, the density and acceleration fields transform as
6 This is because a theory being scale invariant is tantamount to all its constants retaining their value under a simultaneous change of the units of length and time by the same factor. This holds for masses, c, and A 0 , but not G or a 0 . 7 Note the appearance of ηt/ζ, not ζt/η, in the dependent, time variable. This is the correct expression, but it is a possible source of confusion. 8 One may wonder, since our arguments are based on dimensional analysis, how it is that a i ∝ η 3 ∝ a 3/4 0 scale differently from a 0 , when they have the same dimensions. The reason is that our dimensional arguments would indeed apply to the a problem where a 0 ∝ η 3 as well, but then it requires at the same time that G ∝ η. This is not the situation we want to describe. But in a theory where only A 0 = Ga 0 appears, such effects are the same as those with a 0 ∝ η 4 and G fixed, which is the situation we want to describe. and T scales as η 2 ; so T scales as ρ 2/3 , as expected of adiabatic changes in a monatomic ideal gas. If the system is well described by a phase-space distribution function, then
the phase-space volume element being invariant.
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All that is said above concerns the relation between two systems that are governed by different, but fixed, values of A 0 . Now consider the putative adiabatic variation of A 0 from some initial value A * 0 , according to A 0 (t) = η 4 (t)A * 0 . It is, of course, not possible to write exactly the solutions of the resulting theory in terms of solutions for the constant-A 0 problem. However, inspired by the above arguments, I make an educated conjecture regarding the limit of adiabatic changes of η. It is based on viewing η(t) as the oxymoron "time-dependent constant," which takes into account the fact that η is not the same at all times, but neglects its time derivatives when they appear. This treats the variation of η as if it is kept constant over many dynamical times but is changed from one constant value to the next. This is the spirit of the adiabatic approximation. At time t, consider a change of time and length units (which it is convenient to take as the inverse of the one above) applied to the time differentials: dt = η −2 (t)dt * . (Here, as above, nonstarred quantities describe the variable-A 0 situation, and starred, or "reduced," quantities correspond to the reference, constant-A 0 problem.) Thus,
Also, change the length units so that
and quantities of the form vdr, which enter the action variables, are unaffected. Also, the value of A 0 in the starred units is A * 0 = η −4 A 0 , and so is time independent. However, we cannot proceed in the same vein, in an exact manner, to the equation relatingv to the gravitational acceleration field, sincev, with v scaling as in Eq.(8), does not have simple scaling with η. Likewise, we cannot simply write r i (t) in terms of r * i (t * ). We can however do these if we neglect derivatives of η. Doing this, I end up with the conjecture that under adiabatic changes of A 0 the solutions of the problem can be written as in Eqs.(4-6), but with the independent time variable η 2 t replaced with t * given in Eq.(7). For example,
It may be seen that, indeed, neglectingη, this conjectured behavior follows consistently from applying the above changes of units at any given time. For example, we getṙ(t) ≈ v(t), andv ≈ g, if the equalities hold for the starred quantities for a fixed A * 0 . Before discussing tests of the conjecture, note the following generalities. If the above conjecture is valid, systems retain all their dimensionless attributes, and only increase homologously in size, with the velocities everywhere decreasing uniformly. Thus, for example, a DML exponential disc of scale length h and scale height z 0 remains an exponential disc with h and z 0 increasing as a The above adiabatic scaling behavior is a result of the fact that A 0 is the only relevant constant in the theory that is affected by the scaling. This, in turn, rests heavily on the two basic tenets of MOND: the appearance of a 0 as the only new constant in MOND and the space-time scale invariance of the DML.
In systems described by a theory that does involve G separately-for example, systems with accelerations of order a 0 or above-our adiabatic scaling behavior breaks down, because it would produce a change in G, as well as a 0 , and 9 We could use atomic physics, electromagnetism, or Newtonian-gravity systems such as stars, to define the units of acceleration in which a 0 is said to vary. DML gravity alone does not provide us with a yardstick and a clock (e.g., Ref. [4] ). In other words, had nonrelativistic DML gravity, which concerns us here, been the whole of physics, there would be no sense to speaking of the variations we discuss here. But, "the rest of physics," while not directly involved in DML gravity, does provide us with yardsticks, such as the Bohr, or the Planck, radius, velocity standards, such as the speed of light, etc., relative to which we can measure the variations discussed here. The constants entering these standards, such as the speed of light, the electron charge, etc., are then not to be subject to the unit changes we employ here. Changing units in "the whole of physics" can teach us nothing, of course.
so would not account correctly for variation in a 0 alone. 10 In the same vein, when we deal with gravitational lensing in the DML, weak-field limit of a relativistic MOND theory, c too appears, and would change to ηc had we applied the scaling indiscriminately ( , if it appeared, would not be affected, having dimensions of action). Since we do not wish c to vary with a 0 , we have to hold it fixed; otherwise, we would have concluded, e.g., that light-bending angles, which are dimensionless, do not vary with the A 0 variations. In fact, these angles, which scale as V 2 /c 2 , do vary as η 2 .
As with almost any result on the adiabatic behavior of systems, the ultimate test of our conjecture and its validity limits would be to conduct N -body simulations of various DML galactic systems under various forms of adiabatically varying A 0 . Here I perform an easier, but still strong, numerical test of the conjecture: Start with a DML potential φ * (r * ), representing the smooth field of a system-a solution in the given MOND theory with a constant A 0 = A * 0 . By and large, I confine myself to time-independent potentials representing stationary systems. 11 The system is envisaged as a collection of many particles on various orbits in φ * (r * ) that, in turn, give rise to φ * (r * ) self-consistently. According to our conjecture, the potential of the real system is
I computed many particle trajectories, r(t), in various such spherical, biaxial, and triaxial potentials, letting A 0 decrease from beginning to end by large factors. The aim is to check to what extent these orbits are of the form given in Eq. (9), as dictated by our conjecture. If they are, then automatically, and without recourse to adiabaticity, the potential produced by the collection of particles moving on such orbits, is the one we assumed to begin with, given by Eq. (10), sustaining the conjecture. The reason for this is that in a nonrelativistic situation, the potential responds instantly to changes in the positions of the sources (there are no time derivatives in the equations that determine the potential from the positions of the particles, so we do not even have to neglectη in the derivation). All that needs to be used is the invariance to change of the units by the appropriate powers of η(t). To recapitulate, adiabaticity enters only in how the variation of the potential affects the orbits, not in how the orbits variation affects the potential.
Full N -body calculations would check all this simultaneously for a large number of particles on orbits that selfconsistently give the potential. But still, our present test is a strong consistency check of our conjecture.
More specifically, this test is done as follows: For each computed orbit, r(t), I calculate the "unscaled" solution
which inverts Eq.(9), between t i and t f . According to our conjecture this segment of the orbit should be given, within the approximation, by r * (t * ), calculated for the same initial conditions, for a fixed A 0 = A * 0 , in the time interval between t i and t i + ∆t * , with the "reduced" duration
I show in Figs. 1-4 examples of some of the calculations I ran (all for nonrotating systems). I show results for three mass distributions for which the DML potential is known analytically: (1) A point mass for which
(I drop the stars on r and R.) This potential pertains also to the DML, two-body problem where the force is known to be inversely proportional to the separation. It also pertains to the asymptotic field for any isolated, bounded mass distribution. (2) A DML isothermal sphere of mass M , with isotropic velocity distribution, for which [23] 
10 The rescaling of length and time units that underlies our derivation takes G → ηG, a 0 → η 3 a 0 . So the adiabatic scaling behavior we find holds in theories in a world where G does not vary, a 0 ∝ η 4 , but only A 0 appears in the theory, and A 0 ∝ η 4 ; this is the situation that concerns us here for the DML (see also footnote 8). But this behavior applies as well to theories where both constants appear, each varying according to its power, or to a theory such as Newtonian dynamics, where only G appears, and varies in proportion to η. In MOND, this last situation is useful in describing DML systems embedded in a DML external field (the MOND external-field effect); see below. 11 I also ran successful tests for systems for which φ * is time independent in a (slowly) rotating system of frequency Ω * ; so φ * = φ * Ω * (r * ). In this case the assumed potential in Eq. (10) is replaced by φ(r, t) ≈ η 2 (t)φ * Ω(t) [η(t)r], where Ω(t) = η 2 (t)Ω * , which is quasistatic in a rotating frame of decreasing frequency Ω(t).
(3) A DML Kuzmin disc of mass M , for which the potential in known modified-gravity MOND theories-such as the nonlinear Poisson extension and QUMOND-is [26] 
[Here, r = (
In some cases biaxiality or triaxiality are introduced for the first two potentials by replacing R by (x 2 + q 1 y 2 + q 2 z 2 ) 1/2 . I work in units where M = 1 and A * 0 = 1, and velocities are in units of (M A *
)
1/4 = 1; length units are such that the initial scale length h(0) = 1. Lengths are in arbitrary units for the point mass potential, and in units of h(0) = 1 for the other two potentials. So all quantities appearing are dimensionless. Initial conditions were not chosen with a particular aim, except to produce some variety of orbits.
In the examples shown, I took A 0 (t) = t i /t, where t i is the initial time. Thus the initial variation time scale of A 0 is t i . The initial orbital frequency is ω o = V /R ∼ 1. So, formally the initial adiabaticity parameter is θ a (0) ∼ t i , and then increases as θ a ∼ (tt i ) 1/2 . In most of the results I show, I took t i = 10 and ran the orbits to t f = 300 (with two exceptions to show certain variations). Thus A 0 decreased by a factor 30. Length are then expected to increase, and velocities to decrease, 2.3 fold. These parameters would correspond roughly to a final-state galaxy with ratio of the Hubble-to-dynamical time of order 60, started from z ∼ 9, and A 0 varying as H.
Note, however, that the dynamical time is not the only time scale characterizing the orbit. This is not, in general, periodic with a frequency of the order of the inverse dynamical time; so, longer time scales, such as precession periods, etc. can appear in its description. So the A 0 variations I study might not be strongly adiabatic in all regards, another reason to check numerically if, and under what conditions, our conjecture holds.
The figures show various phase-space projections of the orbits r,r * , and r * each for the appropriate time interval (note the different scales in the figures for the first one and the last two). If the last two orbits agree with each other our conjecture is supported.
We see from the figures that this is indeed the case for the examples shown. It is also the case in other cases I studied, as long as the adiabaticity parameter is not too small. The agreement, while very good, is not quite perfect. However, the small differences betweenr * and r * are negligible compared with those between them and r, which is the important fact. These small differences are attributable to departure from ideal adiabaticity for the parameters and orbits I took. Indeed, I found that increasing the adiabaticity parameter (here, by taking a larger value to t i ) greatly improves the agreement. This is demonstrated in the last two rows of Fig. 3 .
Some satellite systems can be treated as detached from their mother system, whose effect on the satellite's internal dynamics is accounted for, to a good approximation, by embedding the satellite in a constant acceleration field due to the mother system. Because of the nonlinearity of MOND, the latter can greatly affect the internal dynamics. This is known as the MOND external-field effect, and was discussed many times, starting from Ref. [1] . In particular, when the external acceleration, g ex , dominates over the internal ones, the internal dynamics are quasi-Newtonian, with only one dimensioned constant, G ef f , appearing in the effective theory. When the external field is also in the DML, g ex ≪ a 0 , we have G ef f ≈ Ga 0 /g ex . Examples of such systems are some of the dwarf spheroidal satellites-such as the Milky Way's or Andromeda's. Our adiabatic scaling behavior applies in such a description as well since the external field itself, being in the DML, scales as g ex ∝ η 3 . So the general MOND adiabatic scaling behavior holds. Seen differently, since we are in a world where G does not vary, and a 0 ∝ η 4 , we see that G ef f ∝ η. This corresponds to the situation described at the end of footnote 10, and, again, implies the validity of the adiabatic scaling behavior.
IV. THE PARTLY NEWTONIAN PHASE
Many systems may have started the period of their existence relevant to our discussion with some of their parts in the Newtonian, not the deep-MOND, regime. Even systems that started wholly in the DML, are pushed by the above evolution towards the Newtonian regime. This is because accelerations everywhere in the system scale as g ∝ A For example, in a DML Kuzmin disc of mass M , the acceleration in the plane, in modified-gravity MOND theories, is [26] 
Here, η = η(t), r M ≡ (M G/a 0 ) 1/2 is the MOND radius of the whole mass, and r * M its initial value, when η = 1. Left column: the actual orbit, r; middle column:r * , the same orbit "unscaled" [see Eq. (11)], to be compared with the 3rd column: r * , with no A0 variation, and the same initial conditions, run for an "equivalent" time ∆t * [see Eq. (12)]. Note the different scales for the first one and last two columns. Points are plotted at equal intervals of η 2 (t)∆t.
All radii (including r M ) are in units of the initial scale length of the mass distribution, h * [see eqs. (14) (15) ]. 12 The maximum acceleration is at ηr = 1, where g(r)/a 0 (t) = r * M /2η(t). So, even if we start with a DML disc, with r * M /2 ≪ 1, the region around this radius becomes Newtonian around the time when η ∼ r * M /2. Once parts of the system are not in the DML, it is difficult to divine the exact response to adiabatic a 0 variations. To answer these question requires numerical studies for various systems from discs to spherical and with various initial conditions. Here I can only make some qualitative guiding observations of what can be expected. The transition from the DML to ND is expected to be gradual. But to simplify matters somewhat I write below, heuristically, as if the transition is sharp.
Since a 0 does not appear in ND, its variation does not affect, of course, systems that are fully Newtonian.
13
However, in a mixed system all regions are affected, not only the MONDian regions. Generally, none is described by the simple adiabatic scaling laws discussed in Sec. III. The reason for this is generally twofold: (1) In general, the mass distribution anywhere can affect the potential field everywhere. Thus we cannot generally have the scaling of the potential field even in the DML regions. (2) Constituents on their orbits may traverse both Newtonian and DML regions. So we cannot generally retain the scaling of the orbits, and this in general breaks the scaling behavior in the DML regions as well. These two effects are coupled, each affecting the way the other acts. An acute example of the first point concerns systems that are subject to a dominant external acceleration field. In this case it will be the external field that becomes Newtonian first. According to MOND this will render the whole system Newtonian at once with the external field.
These obstacles to scaling behavior are not present in some interesting special cases. For example, in a spherical system-where in known modified gravity MOND theories the gravitational field depends only on the total enclosed mass-the first obstacle does not exist, since adiabatic variations of a 0 cannot, in themselves, induce shall crossing. The second effect does not exist if there are no orbits that traverse both DML and Newtonian regions, for example, if the orbits are circular as in a disc galaxy. For the same reasons, aspects related to the asymptotic dynamics of an isolated system are not affected by some parts of the system being Newtonian, as only the total mass enters them. For example, the asymptotic rotation speed always continues to be ∝ a Beyond equilibrium dynamics, stability properties are also expected to change as we cross from the DML to the Newtonian regime. It has been well discussed (e.g., [24, 28, 29] ) that MOND endows self-gravitating systems with added stability relative to ND. The reason for this is that in the DML, accelerations scale as the square root of densities (for a given size), while in ND they scale as densities. Thus, density perturbations produce only half the acceleration perturbation in the DML than in ND. This has been suggested as the reason for the observed upper limit of ∼ a 0 /G on the mean surface density of galactic discs (underlying the so-called "Freeman law"). The idea is that discs with higher surface densities are Newtonian and may be unstable to bar formation, with a subsequent churning of disc material to a (pseudo) bulge (see, e.g., Ref. [15] ) always leaving an almost MONDian disc.
While equilibrium properties change smoothly as we go from the DML to the Newtonian regime, stability properties change more abruptly, as they hinge on the derivative of the transition, since they involve the response to small changes. For example, in MOND theories that involve an interpolating function, the equilibrium properties involve this function while stability properties involve its derivative. This can be demonstrated clearly if we take the transition to be sharp. Then we can have, for example, two disc galaxies with a mass distribution that produces a constant acceleration in the plane (within the material disc). For one, this acceleration is just above a 0 and for the other just below. The two models have the same equilibrium structure, but very different stability properties, the MONDian one being "twice" more stable.
14 Thus, even if equilibrium considerations tell us that g/a 0 should continue to grow after crossing to the Newtonian regime, instabilities, which may show up, may limit this growth. This would be a good issue to check numerically.
Spheroidal systems also exhibit a similar upper limit on their mean surface densities. This has no known explanation in standard dynamics. In MOND it may be related to the fact that self-gravitating, finite-mass, isothermal spheres (which do not exist in Newtonian dynamics) can exist only if they obey this constraint. How this argument survives adiabatic transit of such systems into the Newtonian regime would also necessitate numerical studies, again allowing 12 In so-called "modified inertia" formulations of the type discussed in Ref. [27] , the acceleration in the plane is g(r)/a 0 = (r * M /η)(ηr) 1/2 /[1 + (ηr) 2 ] 3/4 . 13 There are no isolated, fully Newtonian systems since, when probed far enough from their center-e.g., by gravitational lensing-DML aspects must show up. But if we consider a system embedded in a Newtonian external field, or we are interested only in the in-system dynamics (of, e.g., a star), we can discuss strict ND. 14 We are comparing here the stability in MOND of two baryonic galaxies, one in the DML, the other Newtonian. Galaxies with a dark matter halo that is required to explain the equilibrium properties in ND may be much as stable (too stable??) than DML discs, since, unlike halos, MOND enhances stability only by a limited factor. 
